On Atiyah property of the free random variables

Sheng Yin

Brazos Analysis Seminar
April 1, 2023

joint work with Octavio Arizmendi, Guillaume Cébron and Roland Speicher



Atiyah conjecture for torsion-free groups

Let G be a discrete group with its group algebra CG identified as a
subalgebra of the von Neumann algebra £(G) by the left regular
representaion. Then for any A € M,(CG), we can define

dimker A := Tr, ®7(prera) and rank A := Tr, @7(p;—5) = n—dimker A .,

where 7 is the canonical trace on £(G) and Tr, stands for the
unnormalized trace on M,(C).

Atiyah conjecture for torsion-free groups
Let G be a torsion free group. Then for any A € M,(CG)

rank(A) € NN [0, n].
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Strong Atiyah conjecture for groups

For a discrete group G, we denote by FZN(G) the set of finite subgroups
of G. If FIN(G) # 0 and supyerrp(c) IH| < oo, then there exists the
least common multiple of orders of H € FZN(G) and we denote it by
lem(G).

Strong Atiyah conjecture for groups Let G be a group with
supperza(c) |HI < oo. Then for any matrix A € M,(CG),

1
rank A € i< m(G)Nm[O ,n.

Let Gi,..., Gy be groups satisfying the strong Atiyah conjecture. Then
their free product G := Gy x Gy * - - - * Gy satisfies the strong Atiyah
conjecture. (Reich, 98)
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Noncommutative probability space

Definition

A noncommutative probability space (A, ) consists of a unital
complex algebra A and a linear functional ¢ : A — C satisfying (1) = 1.
Elements in A are called noncommutative (nc) random variables.
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Noncommutative probability space

Definition

A noncommutative probability space (A, ) consists of a unital
complex algebra A and a linear functional ¢ : A — C satisfying (1) = 1.
Elements in A are called noncommutative (nc) random variables.

O Let (Q,F,P) be a classical probability space and E is the expectation.
Then (L*°(£2,P),E) is a noncommutative probability space.

@ For any integer n, (M,(C), % Trp) is a noncommutative probability
space.

© For a discrete group, (CG, 1) is a noncommutative probability space.
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Free independence

Definition (Voiculescu)

Let (A, ¢) be a nc probability space. Two subalgebras A;, .4, containing
1 are called freely independent if for any n > 1,

@ (i x,) =0

whenever we have i, ..., i, € {1,2} s.t.
° x; € Aj, with p(x;,)=0,k=1,---n,
® ik F ik+1-

In particular, we say two random variables x, y € A are freely
independent if the subalgebras generated by {1, x} and {1, y} are freely
independent.

For discrete groups Gi, ..., Gy, CG; are free in C(Gy * - - - * Gg).
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Analytic distributions of nc random variables

Definition

Let (A, 7) be a traicial W*-probability space, i.e., A is a finite von
Neumann algebra and 7 is a faithful normal trace. For a normal random
variable a € A (i.e., aa* = a*a), its analytic distribution 1, is the unique
regular Borel probability measure determined by

r(p(a, a7) = /C p(2,2)ua(2), p € Tl x"],

or equivalently, u, = 7 o E,, where E, is the projection-valued measure
given by the spectral theorem for normal operators.
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Analytic distributions of nc random variables

Example: (CG, )

O If g € G is torsion-free, then its analytic distribution fi, is the Haar
measure on its spectrum

o(g) :=={A € C | X— g is not invertible in B(/*(G))} = T.

We call g a Haar unitary random variable.
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Analytic distributions of nc random variables

Example: (CG, )
O If g € G is torsion-free, then its analytic distribution p, is the Haar
measure on its spectrum

o(g) :=={A € C | X— g is not invertible in B(/*(G))} = T.

We call g a Haar unitary random variable.

@ If g has order n, then its analytic distribution 14 is the Haar measure
on its spectrum o(g), i.e.,

1 n
Ng = ; ;5)\;;
=

: ko

where J. stands for the Dirac measure and Ay = en?™ ¢ T,
k=1,...,n are the roots of order n of unity. We call g a n-Haar
unitary random variable.
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A probabilistic perspective of kernels

A probabilistic version of kernels

Let a be a normal random variable in some tracial W*-probability space
(M, 7). Then kera = {0} iff u,({0}) = 0. Generally,

p({A}) = dimker(A — a) = 1 — rank(X — a).

This observation is due to 115({0}) = 7(E2({0})) = 7(Pkera)-

Let ;1 be a Borel probability measure on C. A number A € C is called an
atom of p if p({A}) # 0.
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A probabilistic perspective of strong Atiyah conjecture

A probabilistic version of strong Atiyah conjecture

Let G be a discrete group. Then for any self-adjoint A € M,(CG),
1AM} € sk NN [0, 1]

Note that p1a({\}) = % dimker(A — A) and dim ker(A) = 2npa ({0}),

where

/. 0 A
a= (%)

is self-adjoint.
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Atoms of nc random variables

In free probability theory, we want to answer the following question: for
given random variables X, Y with known prescribed distribution, can we
know the sizes of of atoms of p(X, Y) for a polynomial p?
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Atoms of nc random variables

In free probability theory, we want to answer the following question: for
given random variables X, Y with known prescribed distribution, can we
know the sizes of of atoms of p(X, Y) for a polynomial p?

Some answers
Let X, Y be free normal random variables such ux({\}) € n—llN and
py({A}) € N
@ Shlyakhtenko-Skoufranis, 13: for any p, rank p(X, Y) € nllnzN.
@ Arizmendi-Cébron-Speicher-Y., 21: for any p,
rank p(X,Y) € —+—N.

€ lem(n1,n2)

Sheng Yin Atiyah propert of free variables April 1, 2023 10/19



Atoms of nc random variables

In free probability theory, we want to answer the following question: for
given random variables X, Y with known prescribed distribution, can we
know, for any given noncommutative polynomial p, the location and sizes
of of atoms of p(X, Y)?

Some answers
Let X, Y be free random variables.
@ Bercovici-Voiculescu, 93: a complete description for X + Y.
@ Belinschi-Bercovici-Liu, 20: an analytic method to determine the
atoms for p(X, Y).
@ Arizmendi-Cébron-Speicher-Y., 21: an algebraic method, a complete
description for XY + YX, XY — YX.
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How to find atoms

Let n € N. If X is a normal random variable such that yx({\}) € LN for
any A € C. Then we can construct a random variable

AN - 0

0 - M

>
Il

v oo 0

0 -+ Ynk
such that Ag,..., Ak are eigenvalues of X, v1,...,vn_k are free normal

random variables without atom and X has the same analytic distribution
as X.

It follows from the spectral theorem for the normal operator.
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How to find atoms

Hence, for two X Y normal random variables such that ux({)\}) 1 +N
and py({A}) € N clearly we have ux({\}), uy({\}) € |cm(n1 ) and

thus we can construct X,Y € Micm(ny,nr) (M) over some W*-probability
space (M, 7) by the previous lemma.

April 1, 2023
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Free probability

Let v, ..., u, be freely independent Haar unitary random variables. Let
{x1,...,xn} be a set of random variables that is free from {u1,...,u,}.
We define y; := upxpuy, i =1,...,n. Then yq,...,y, are freely
independent.

Namely,

VN(xq) * - - % VN(xp) = VN(y1,...,¥n) € L(Fp) * vN(x1, ..., Xq).
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Free probability

Lemma (Arizmendi-Cébron-Speicher-Y., 21)

Let ug,...,uy be free Haar unitary random variables. For each integer n,

with the help of free compressions by matrix units, we can construct
U = (ufjk))szl such that
Q@ Ui,..., Uy are free Haar unitaries.

Q {Ui,..., Uy} is free from M,(M) if M is free from {ufjk)}.

() u,’J‘ i,j=1,...,n, k=1,...,d form an algebra isomorphic to the
polynomials of dn? formal variables with rank preserving.

v

(1)(2) are known results in free probability. (3) follows from a recent result
by Mai-Speicher-Y., 19 that gives a characterization on which nc random
variables can be identified as formal variables with rank preserving.
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Algebraic rank

Definition

Let A be a n X n matrix over nc polynomials in formal variables. The
inner rank of A, denoted by p(A), is the minimal integer r such that the
factorizations A = PQ holds, where P, @ are n X r and r x n matrices
respectively.

It is indeed a rank function satisfying
@ p(AB) < min{p(A), p(B)}.

04y g)=rA+ne)

@ For a n x n matrix A, p(A) = n is equivalent to that A is invertible as
a matrix over nc rational functions.

@ A matrix A can be diagonalized by a nc Gaussian elimination with the
help of nc rational functions.
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Atiyah property for the free product

Theorem (Arizmendi-Cébron-Speicher-Y., 21)

There is an isomorphism ® from A := M,(C) * M,(C) to the subalgebra
generated by M,(C) and UM,(C)U~L, where U = (uij)f =y is a matrix

over formal variables ujj, i,j = 1,...,n. Moreover, ® is rank-preserving,

i.e., rank(A) = p(®(A)).

For random variables with non-atomic parts, we can add more formal
variables accordingly to establish the rank equality.
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Atiyah property for the free product

Theorem (Arizmendi-Cébron-Speicher-Y., 21)

There is an isomorphism ® from A := M,(C) * M,(C) to the subalgebra
generated by M,(C) and UM,(C)U~L, where U = (uj)f =y is @ matrix

over formal variables ujj, i,j = 1,...,n. Moreover, ® is rank-preserving,

i.e., rank(A) = p(®(A)).

For random variables with non-atomic parts, we can add more formal
variables accordingly to establish the rank equality.

Consequently, for free normal variables X, Y s.t ux({A\}) € nil_an_d

py ({A}) € n% we can build lcm(ny, n2)-dimenional matrices X, Y over
some formal variables such that

1

rank p(X, Y) = p(p(X,Y)) € lem(ny, n2)

for any polynomial p.
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Let Dy = diag(a1, an, a3), Dy = diag(51, B2, B3) for o, Bi € C and

uil Uiz ui3
U:= U1 U W23 | € M3(C <UU>)
uz1 U3z2 U33

Then the free random variables Xj, Xo with distributions p; = %Z?:l Oq;
and pp = %Z?:l 85, can be modeled by Dy and UD,U~1. That is, for any
polynomial p,

1
rank(A — p(X1, X2)) = = p(\ — p(D1, UD,U™H)).
3
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University of free random variables

Theorem (Arizemendi-Cébron-Speicher-Y, 21)

Let a, b be freely independent normal random variables in some tracial
W*-probability space. Let x,y be two normal random variables such that
fix = pa and py, = pp. Then we have

rank(p(x,y)) < rank(p(a, b)).

It follows roughtly from the universality of U = (UU)7J:1' i.e., for any

evlaution map @ : alg(ujj) — M, rank(®(A)) < p(A).
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University of free random variables

Theorem (Arizemendi-Cébron-Speicher-Y, 21)

Let a, b be freely independent normal random variables in some tracial
W*-probability space. Let x,y be two normal random variables such that
fix = pa and py, = pp. Then we have

rank(p(x,y)) < rank(p(a, b)).

It follows roughtly from the universality of U = (UU)7J:1' i.e., for any

evlaution map @ : alg(ujj) — M, rank(®(A)) < p(A).

Thank you!
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