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Kaplansky's zero divisor conjecture
Let G be a discrete group. Kaplansky’s zero divisor conjecture claims
that the group algebra CG is an integral domain if and only if G is
torsion-free, i.e., every element of G has infinite order.

o CG:={a: G — C| a(g) =0 except for finitely many g} is a unital
complex algebra with the multiplication extended from the map

Sg - 0n=0gn, Vg, heG.

@ A ring R is an integral domain if it has no (non-trivial) zero divisors,
i.e, if ab=0, a,b € R, then a=0 or b =0 (otherwise a and b are

zero divisor for each other).

January 14, 2022

Sheng Yin (Kyoto University) Atoms, zero divisors and Atiyah conjecture



Kaplansky's zero divisor conjecture
Let G be a discrete group. Kaplansky’s zero divisor conjecture claims
that the group algebra CG is an integral domain if and only if G is
torsion-free, i.e., every element of G has infinite order.

o CG:={a: G — C| a(g) =0 except for finitely many g} is a unital
complex algebra with the multiplication extended from the map

5g'5h:5gh7 Vg, h e G.

@ A ring R is an integral domain if it has no (non-trivial) zero divisors,
i.e, if ab=0, a,b € R, then a=0 or b =0 (otherwise a and b are

zero divisor for each other).

Observation: suppose that g € G has finite order n, then
0 =dgn — be = (0g — 0e)(de + 0g + -+ 4 Ogn-1)

shows that 0y — de and de + dg + - -+ + Ggn-1 are zero divisors in CG.
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An analytic version of the zero divisor conjecture

An analytic version of the zero divisor conjecture

Let G be a torsion-free group. Then any non-zero element a € CG is not
a zero divisor in /2(G), that is, if 0 # £ € I?(G), then a¢ # 0.
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An analytic version of the zero divisor conjecture

An analytic version of the zero divisor conjecture

Let G be a torsion-free group. Then any non-zero element a € CG is not
a zero divisor in /2(G), that is, if 0 # £ € I?(G), then a¢ # 0.

o 2(G):={¢:G—=C| > gcG |€(g)]? < oo} is a complex Hilbert
space with the inner product given by the pointwise multiplication.
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An analytic version of the zero divisor conjecture

An analytic version of the zero divisor conjecture

Let G be a torsion-free group. Then any non-zero element a € CG is not
a zero divisor in /2(G), that is, if 0 # £ € I?(G), then a¢ # 0.

o 2(G):={¢:G—=C| > gcG |€(g)]? < oo} is a complex Hilbert
space with the inner product given by the pointwise multiplication.

@ Under the left regular representaion )\, for each g, we regard it as
operator A(g) in B(/?(G)) given by \(g)d = dgn. Then we regard
CG as a subalgebra of B(/?(G)).
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An analytic version of the zero divisor conjecture

An analytic version of the zero divisor conjecture

Let G be a torsion-free group. Then any non-zero element a € CG is not
a zero divisor in /2(G), that is, if 0 # £ € I?(G), then a¢ # 0.

o 2(G):={¢:G—=C| > gcG |€(g)]? < oo} is a complex Hilbert
space with the inner product given by the pointwise multiplication.

@ Under the left regular representaion )\, for each g, we regard it as
operator A(g) in B(/?(G)) given by \(g)d = dgn. Then we regard
CG as a subalgebra of B(/?(G)).

Clearly, the analytic version of the zero divisor conjecture implies its
algebraic version.
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An operator algebraic version of the zero divisor conjecture

An operator algebraic version of the zero divisor conjecture

Let G be a torsion-free group. Then for any non-zero element
a € CG C B(I*(G)), we have

kera = {0}.
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An operator algebraic version of the zero divisor conjecture

An operator algebraic version of the zero divisor conjecture

Let G be a torsion-free group. Then for any non-zero element
a € CG C B(I*(G)), we have

kera = {0}.

The above conjecture can also be rephrased as: for any a € CG, it is not a
zero divisor in B(/2(G)).
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An operator algebraic version of the zero divisor conjecture

Definition

Let 7 be the canonical trace on CG (i.e., 7(a) = (ade,de), VYa € CG),
which can be extended to group von Neumann algebra £(G) (the SOT
closure of CG in B(/?(G))). We defined for any a € CG,

dimkera := 7(pkera) and ranka:=7(p—),

where pyer ; and pr— are orthogonal projections onto the kernl and the

closure of the image of a respectively.
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An operator algebraic version of the zero divisor conjecture

Definition
Let 7 be the canonical trace on CG (i.e., 7(a) = (ade,de), VYa € CG),

which can be extended to group von Neumann algebra £(G) (the SOT
closure of CG in B(/?(G))). We defined for any a € CG,

dimkera := 7(pkera) and ranka:=7(p—),

where pyer ; and pr— are orthogonal projections onto the kernl and the

closure of the image of a respectively.

An operator algebraic version of the zero divisor conjecture

Let G be a torsion-free group. Then for any a € CG, dimkera =0, or
equivalently ranka = 1.
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Atiyah conjecture for torsion-free groups

Atiyah conjecture for torsion-free groups
Let G be a torsion-free group. Then for A € M,(CG),

rank A := Tr, @7(p—%) € NN [0, n],

where Tr,, stands for the unnormalized trace on M,(C).
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Atiyah conjecture for torsion-free groups

Atiyah conjecture for torsion-free groups
Let G be a torsion-free group. Then for A € M,(CG),

rank A := Tr, @7(p—%) € NN [0, n],

where Tr,, stands for the unnormalized trace on M,(C).

@ The (analytic) the zero divisor conjecture follows from Atiyah
conjecture of the case n = 1.
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Atiyah conjecture for torsion-free groups

Atiyah conjecture for torsion-free groups
Let G be a torsion-free group. Then for A € M,(CG),

rank A := Tr, @7(p—%) € NN [0, n],

where Tr,, stands for the unnormalized trace on M,(C).

@ The (analytic) the zero divisor conjecture follows from Atiyah
conjecture of the case n = 1.

@ This conjecture predicts that L?-Betti numbers are integers.

@ In 1993, Linnell proved that a large class of groups that includes free
groups satisfies this conjecture.
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Strong Atiyah conjecture for groups

For a discrete group G, we denote by FZN(G) the set of finite subgroups
of G. If FIN(G) # 0 and supyerrac) |HI < oo, then there exists the
least common multiple of orders of H € FZN(G) and we denote it by
lem(G).

Strong Atiyah conjecture for groups

Let G be a group with supyc r7ar(g) |H| < 00. Then for any matrix
A e My(CG),

1
rank A € WN N [07 n].

Philosophy: all L?-Betti numbers for G are induced by L?-Betti numbers
of finite subgroups of G.
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Noncommutative probability space

Definition

A noncommutative probability space (A, ) consists of a unital
complex algebra A and a linear functional ¢ : A — C satisfying (1) = 1.
Elements in A are called noncommutative (nc) random variables.

January 14, 2022

Sheng Yin (Kyoto University) Atoms, zero divisors and Atiyah conjecture



Noncommutative probability space

Definition

A noncommutative probability space (A, ) consists of a unital
complex algebra A and a linear functional ¢ : A — C satisfying (1) = 1.
Elements in A are called noncommutative (nc) random variables.

O Let (Q,F,P) be a classical probability space and E is the expectation.
Then (L*°(£2,P),E) is a noncommutative probability space.

@ For any integer n, (M,(C), % Trp) is a noncommutative probability
space.
© For a discrete group, (CG, 1) is a noncommutative probability space.

v
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Analytic distributions of nc random variables

Definition

Let (A, 7) be a traicial W*-probability space, i.e., A is a finite von
Neumann algebra and 7 is a faithful normal trace. For a normal random
variable a € A (i.e., aa* = a*a), its analytic distribution 1, is the unique
regular Borel probability measure determined by

r(p(a, a7) = /C p(2,2)ua(2), p € Tl x"],

or equivalently, u, = 7 o E,, where E, is the projection-valued measure
given by the spectral theorem for normal operators.

Sheng Yin (Kyoto University) Atoms, zero divisors and Atiyah conjecture January 14, 2022



Analytic distributions of nc random variables

Example: (CG, )

O If g € G is torsion-free, then its analytic distribution fi, is the Haar
measure on its spectrum

o(g) :=={A € C | X— g is not invertible in B(/*(G))} = T.

We call g a Haar unitary random variable.
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Analytic distributions of nc random variables

Example: (CG, )
O If g € G is torsion-free, then its analytic distribution p, is the Haar
measure on its spectrum

o(g) :=={A € C | X— g is not invertible in B(/*(G))} = T.

We call g a Haar unitary random variable.

@ If g has order n, then its analytic distribution 14 is the Haar measure
on its spectrum o(g), i.e.,

1 n
Ng = ; ;5)\;;
=

: ko

where J. stands for the Dirac measure and Ay = en?™ ¢ T,
k=1,...,n are the roots of order n of unity. We call g a n-Haar
unitary random variable.
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A probabilistic perspective of zero divisors

A probabilistic version of zero divisors

Let a be a normal random variable in some tracial W*-probability space
(M, 7). Then kera = {0} iff u,({0}) = 0.

This observation is due to 1,({0}) = 7(E2({0})) = T(Pkera)-

Let i be a Borel probability measure on C. A number A € C is called an
atom of p if u({A\}) # 0.
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A probabilistic perspective of Strong Atiyah conjecture

A probabilistic version of Strong Atiyah conjecture

Let G be a discrete torsion-free group. Then for any normal A € M,(CG),
1AM € sk NN [0,1]

Note that p1a({\}) = 2 dimker(A — A) and dim ker(A) = 2nua ({0}),

where
/ I 0 A
A= (A* O)

is self-adjoint.
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Atoms of nc random variables

In free probability theory, we want to answer the following question: for
given random variables X, Y with known prescribed distribution, can we
know the location and sizes of of atoms of p(X, Y), for any given
noncommutative polynomial p?
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Atoms of nc random variables

In free probability theory, we want to answer the following question: for
given random variables X, Y with known prescribed distribution, can we
know the location and sizes of of atoms of p(X, Y), for any given
noncommutative polynomial p?

Some answers
Let X, Y be free random variables.

@ Bercovici and Voiculescu, 1993: a complete description for X + Y.
@ Belinschi, Bercovici and Liu, 2020: an analytic method to determine
the atoms for p(X, Y).

@ Arizmendi, Cébron, Speicher, Y., 2021: an algebraic method, a
complete description for XY + YX, XY — YX.
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How to find atoms

Example: free product of cyclic groups

Let g1, 4> be the generators of Z/2 « Z/2. Then we know g1, g» are both
2-Haar unitary random variables, each of which can be reprensented as the

matrix .
-1 0
X = < 0 1) € (MQ(C,ETFQ).

Let p be a nc polynomial. In order to calculate ker(\ — p(g1,g2)), actually
we can instead to calculate ker(A — p(X, UYU™1)), where

U:(j 3).

is a matrix over formal variables a, b, ¢, d.
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How to find atoms

For example, ker(g1 + g2) is actually equal to % of the kernel

ker(X + UYU™) = ker(XU + UY)
(YOG
= ker <_02 ) 20d>

= {0}
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Algebraic rank

Definition

Let A be a n X n matrix over nc polynomials. The inner rank of A,
denoted by p(A), is the minimal integer r such that the factorizations
A = PQ holds, where P, Q are n X r and r X n matrices respectively.

It is indeed a rank function satisfying
Q@ p(AB) < min{p(A), p(B)}.

04y g)=rA+ne)

@ For a n x n matrix A, p(A) = n is equivalent to that A is invertible as
a matrix over nc rational functions.

@ p is invariant by the multiplication of invertible matrices over nc
rational functions.

© A matrix A can be diagonalized to a diagonal matrix which has p(A)
many 1's on its diagonal by row and columns actions over nc rational
functions.
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How to find atoms

For example, for any A # 0, 2rank(g1 + g2 — \) is actually equal to

p(X +UYU™L = X) = p((X = \)U + UY)
_(—1—)\0 ab+ab—10)
AU 0 1=a)\c d c d)\o 1

(o1 b

—Ac (2—-X)d
P 0 %ac‘ld + b

=2

p
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Strong Atiyah conjecture for free product of finite groups

Theorem (Arizmendi, Cébron, Speicher, Y., 2021)

There is an isomorphism ® from A := M,(C) x M,(C) to the subalgebra
generated by M,(C) and UM,(C)U~, where U = (uij)f =y is a matrix
over formal variables ujj, i,j =1,...,n. Moreover, ® is rank-preserving,
i.e., rank(A) = p(®(A)).

Sheng Yin (Kyoto University)
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Strong Atiyah conjecture for free product of finite groups

Theorem (Arizmendi, Cébron, Speicher, Y., 2021)

There is an isomorphism ® from A := M,(C) x M,(C) to the subalgebra
generated by M,(C) and UM,(C)U~, where U = (uj)f =y is @ matrix
over formal variables ujj, i,j =1,...,n. Moreover, ® is rank-preserving,
i.e., rank(A) = p(®(A)).

Consequently, for finite groups Gi, ..., Gy with orders ny, ..., ng, we can
regard each of them as matrices in M,(C) with n:=lcm(ny,...,ny) and
thus for any A € Mp(Gy * -+ - % Gy)

1 1
rank A = ;p(CD(A)) € ;N N [0, m].
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Strong Atiyah conjecture for free product of finite groups

Theorem (Arizmendi, Cébron, Speicher, Y., 2021)

There is an isomorphism ® from A := M,(C) x* M,(C) to the subalgebra
generated by M,(C) and UM,(C)U~, where U = (uj)f =y is @ matrix
over formal variables ujj, i,j =1,...,n. Moreover, ® is rank-preserving,
i.e., rank(A) = p(®(A)).

Consequently, for finite groups Gi, ..., Gy with orders ny, ..., ng, we can
regard each of them as matrices in M,(C) with n:=lcm(ny,...,ny) and
thus for any A € Mp(Gy * -+ - % Gy)

1 1
rank A = ;p(CD(A)) € ;N N [0, m].

Remark: this equality agree with the known result that the strong Atiyah
conjecture holds for the free product of finite groups.
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Free probability

Free independence

Let (A, 7) be a nc probability space. A family (\A;);e; of subalgebras of A
containing the unit 1 of A is called freely independent if

T(ay---ax) =0

whenever we have k € Nand a; € A;, j =1,..., k satisfying
® iy FhyiaF iz, k1 F ik
o 7(3;)=0j=1,..., k

A tuple (a1,...,aq) of random variables in A is called freely

independent if the unital subalgebras of A generated by a; (i =1,...,d)
are freely independent.
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Free independence and free groups

Recall: algebraic freeness of subgroups
Let G be a group. A family (G;)iec; of subgroups is called free if
g1 -8k F e

whenever we have k € Nand g; € G;, j = 1,..., k satisfying

LF iy # 3y .y ik—1 7 k.
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Free independence and free groups

Recall: algebraic freeness of subgroups

Let G be a group. A family (G;)iec; of subgroups is called free if

g1 8kFe

whenever we have k € Nand g; € G;, j = 1,..., k satisfying

LF iy # 3y .y ik—1 7 k.

Free independence and free subgroups

| A\,

Let us consider the noncommutative probability space (CG, 7) with the
trace 7. Let (G;)ics be a family of subgroups of G. Then (G;);c/ are free
if and only if (CG;);c are freely independent in (CG, 7).
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Free probability

Let v, ..., u, be freely independent Haar unitary random variables. Let
{x1,...,%n} be a set of random variables that is free from {u1,..., up}.
We define y; := upxpuy, i =1,...,n. Then yi,...,y, are freely
independent.
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Theorem (Arizmendi, Cébron, Speicher, Y., 2021)

Let uy,...,uq be free Haar unitary random variables. For each integer n,

with the help of free compressions by matrix units, we can construct

U = (u (k )),J 1 such that
Q@ Ui,..., Uy are free Haar unitaries.
Q {Ui,...,Uqy} is free from M,(A) if A is free from {ufjk)}.

Q “u' i,j=1,...,n, k=1,...,d form an algebra isomorphic to the
polynomials of dn® formal variables with rank preserving.

(1)(2) are well-known results in free probability. (3) follows from a recent
result by Mai, Speicher, Y., 2019: which nc random variables can be
identified as formal variables with rank preserving.
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Another example

Let Dy = diag(a1, an, a3), Dy = diag(51, B2, B3) for o, Bi € C and

uil Uiz ui3
U:= U1 U W23 | € M3((C <U,J>)
uz1 U3z2 U33

Then the free random variables Xj, Xo with distributions p; = %2?21 Oq;
and pp = %Z?:l 85, can be modeled by Dy and UD,U~1. That is, for any
polynomial p,

1
rank(A — p(X1, X)) = 3p(A — p(D1, UDU™)).
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Another example

For instance, let us consider p(D; + UD,U~1 — )). Since p is invariant by
the multiplication of invertible matrix, let's calculate instead

p(DLU + UD; — AU)

(1 + 1= ANuir (ar + o — ANuz (a1 + B3 — A)us
=p | (a2+ P61 —Nur (a2+ P2 — ANuoo (a2 + 13 — N)us
(a3 + 1 —=ANuzr (a3 + P2 — A)uzz (a3 + B3 — A)usz

If, for example, ai; = ap, 51 = B2 such that a; + 81 = A, then
0 0 (14 B3 — N)uis

o( 0 0 (aa+B3—ANus |)=2.
(a3 41— Nus1 (a3 + P2 — ANusa (a3 + 3 — A)usz

Hence . 1
:“X1+X2({)‘}) =1- gP(Dl + UDQU’1 —A) = 3
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Description of atoms

By approximation of general free random variables with free random
variables with atoms of rational weights, we are actually able to recover
the description of atoms for X + Y

Theorem (Bercovici and Voiculescu, 1993)

Let X and Y be free self-adjoint random variables. If \ is an atom of
X+Y, then A\ = a+ 8, where a and [ are atoms of X and Y
respectively. Moreover,

px+y({o+ B}) = max{0, ux({a}) + uy ({B}) — 1}

26 /27
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Description of atoms

Theorem (Arizmendi, Cébron, Speicher, Y., 2021)

Let X and Y be free self-adjoint random variables.

© Let p be a nc polynomial. If X is an atom of p(X,Y), then
A = p(a, B), where o and (3 are atoms of X and Y respectively.
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Description of atoms

Theorem (Arizmendi, Cébron, Speicher, Y., 2021)

Let X and Y be free self-adjoint random variables.

© Let p be a nc polynomial. If X is an atom of p(X,Y), then
A = p(a, B), where o and (3 are atoms of X and Y respectively.

Q For A # 0, IU/I'(XY—YX)({)\}) = 0. And
,Uz,'(xy,yx)({O}) = max{2t —1,2s—1, 0},

where t := sup,cg pix({a}) and s = supgeg x({5}).
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Description of atoms

Theorem (Arizmendi, Cébron, Speicher, Y., 2021)

Let X and Y be free self-adjoint random variables.

© Let p be a nc polynomial. If X is an atom of p(X,Y), then
A = p(a, B), where o and (3 are atoms of X and Y respectively.

Q For A # 0, IU/I'(XY—YX)({)\}) = 0. And
,Uz,'(xy,yx)({O}) = max{2t —1,2s—1, 0},

where t := sup,cg pix({a}) and s = supgeg x({5}).
© For A #0,
txy+yx ({A}) = supagp—y max{ux({a}) + py({8}) — 1,0}

pxy+yx ({0}) := max{2ux({0}) — 1,2uy ({0}) — 1,
IU'Y({O}) +t— 17:u’X{O} +s— 17 0}7

where t 1= sup,o ux({a}) and s := supg_q pix ({B})-
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