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Kaplansky’s zero divisor conjecture

Let G be a discrete group. Kaplansky’s zero divisor conjecture claims
that the group algebra CG is an integral domain if and only if G is
torsion-free, i.e., every element of G has infinite order.

Recall

CG := {a : G → C
∣∣ a(g) = 0 except for finitely many g} is a unital

complex algebra with the multiplication extended from the map

δg · δh = δgh, ∀g , h ∈ G .

A ring R is an integral domain if it has no (non-trivial) zero divisors,
i.e., if ab = 0, a, b ∈ R, then a = 0 or b = 0 (otherwise a and b are
zero divisor for each other).

Observation: suppose that g ∈ G has finite order n, then

0 = δgn − δe = (δg − δe)(δe + δg + · · ·+ δgn−1)

shows that δg − δe and δe + δg + · · ·+ δgn−1 are zero divisors in CG .
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An analytic version of the zero divisor conjecture

An analytic version of the zero divisor conjecture

Let G be a torsion-free group. Then any non-zero element a ∈ CG is not
a zero divisor in l2(G ), that is, if 0 ̸= ξ ∈ l2(G ), then aξ ̸= 0.

Recall

l2(G ) := {ξ : G → C
∣∣ ∑

g∈G |ξ(g)|2 < ∞} is a complex Hilbert
space with the inner product given by the pointwise multiplication.

Under the left regular representaion λ, for each g , we regard it as
operator λ(g) in B(l2(G )) given by λ(g)δh = δgh. Then we regard
CG as a subalgebra of B(l2(G )).

Clearly, the analytic version of the zero divisor conjecture implies its
algebraic version.
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An operator algebraic version of the zero divisor conjecture

An operator algebraic version of the zero divisor conjecture

Let G be a torsion-free group. Then for any non-zero element
a ∈ CG ⊂ B(l2(G )), we have

ker a = {0}.

The above conjecture can also be rephrased as: for any a ∈ CG , it is not a
zero divisor in B(l2(G )).
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An operator algebraic version of the zero divisor conjecture

Definition

Let τ be the canonical trace on CG (i.e., τ(a) = ⟨aδe , δe⟩ , ∀a ∈ CG ),
which can be extended to group von Neumann algebra L(G ) (the SOT
closure of CG in B(l2(G ))). We defined for any a ∈ CG ,

dim ker a := τ(pker a) and rank a := τ(pim a),

where pker a and pim a are orthogonal projections onto the kernl and the
closure of the image of a respectively.

An operator algebraic version of the zero divisor conjecture

Let G be a torsion-free group. Then for any a ∈ CG , dim ker a = 0, or
equivalently rank a = 1.
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Atiyah conjecture for torsion-free groups

Atiyah conjecture for torsion-free groups

Let G be a torsion-free group. Then for A ∈ Mn(CG ),

rankA := Trn ⊗τ(pimA) ∈ N ∩ [0, n],

where Trn stands for the unnormalized trace on Mn(C).

The (analytic) the zero divisor conjecture follows from Atiyah
conjecture of the case n = 1.

This conjecture predicts that L2-Betti numbers are integers.

In 1993, Linnell proved that a large class of groups that includes free
groups satisfies this conjecture.
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Strong Atiyah conjecture for groups

For a discrete group G , we denote by FIN (G ) the set of finite subgroups
of G . If FIN (G ) ̸= ∅ and supH∈FIN (G) |H| < ∞, then there exists the
least common multiple of orders of H ∈ FIN (G ) and we denote it by
lcm(G ).

Strong Atiyah conjecture for groups

Let G be a group with supH∈FIN (G) |H| < ∞. Then for any matrix
A ∈ Mn(CG ),

rankA ∈ 1

lcm(G )
N ∩ [0, n].

Philosophy: all L2-Betti numbers for G are induced by L2-Betti numbers
of finite subgroups of G .
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Noncommutative probability space

Definition

A noncommutative probability space (A, φ) consists of a unital
complex algebra A and a linear functional φ : A → C satisfying φ(1) = 1.
Elements in A are called noncommutative (nc) random variables.

Examples

1 Let (Ω,F ,P) be a classical probability space and E is the expectation.
Then (L∞(Ω,P),E) is a noncommutative probability space.

2 For any integer n, (Mn(C), 1n Trn) is a noncommutative probability
space.

3 For a discrete group, (CG , τ) is a noncommutative probability space.
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Analytic distributions of nc random variables

Definition

Let (A, τ) be a traicial W ∗-probability space, i.e., A is a finite von
Neumann algebra and τ is a faithful normal trace. For a normal random
variable a ∈ A (i.e., aa∗ = a∗a), its analytic distribution µa is the unique
regular Borel probability measure determined by

τ(p(a, a∗)) =

∫
C
p(z , z)µa(z), ∀p ∈ C[x , x∗],

or equivalently, µa = τ ◦ Ea, where Ea is the projection-valued measure
given by the spectral theorem for normal operators.
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Analytic distributions of nc random variables

Example: (CG , φ)

1 If g ∈ G is torsion-free, then its analytic distribution µg is the Haar
measure on its spectrum

σ(g) := {λ ∈ C
∣∣ λ− g is not invertible in B(l2(G ))} = T.

We call g a Haar unitary random variable.

2 If g has order n, then its analytic distribution µg is the Haar measure
on its spectrum σ(g), i.e.,

µg =
1

n

n∑
i=1

δλi
,

where δ· stands for the Dirac measure and λk = e
k
n
2πi ∈ T,

k = 1, . . . , n are the roots of order n of unity. We call g a n-Haar
unitary random variable.
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A probabilistic perspective of zero divisors

A probabilistic version of zero divisors

Let a be a normal random variable in some tracial W ∗-probability space
(M, τ). Then ker a = {0} iff µa({0}) = 0.

This observation is due to µa({0}) = τ(Ea({0})) = τ(pker a).

Recall

Let µ be a Borel probability measure on C. A number λ ∈ C is called an
atom of µ if µ({λ}) ̸= 0.
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A probabilistic perspective of Strong Atiyah conjecture

A probabilistic version of Strong Atiyah conjecture

Let G be a discrete torsion-free group. Then for any normal A ∈ Mn(CG ),
µA({λ}) ∈ 1

n lcm(G)N ∩ [0, 1].

Note that µA({λ}) = 1
n dim ker(λ− A) and dim ker(A) = 1

2nµA′({0}),
where

A′ :=

(
0 A
A∗ 0

)
is self-adjoint.
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Atoms of nc random variables

In free probability theory, we want to answer the following question: for
given random variables X ,Y with known prescribed distribution, can we
know the location and sizes of of atoms of p(X ,Y ), for any given
noncommutative polynomial p?

Some answers

Let X ,Y be free random variables.

Bercovici and Voiculescu, 1993: a complete description for X + Y .

Belinschi, Bercovici and Liu, 2020: an analytic method to determine
the atoms for p(X ,Y ).

Arizmendi, Cébron, Speicher, Y., 2021: an algebraic method, a
complete description for XY + YX , XY − YX .
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How to find atoms

Example: free product of cyclic groups

Let g1, g2 be the generators of Z/2 ∗ Z/2. Then we know g1, g2 are both
2-Haar unitary random variables, each of which can be reprensented as the
matrix

X =

(
−1 0
0 1

)
∈ (M2(C,

1

2
Tr2).

Let p be a nc polynomial. In order to calculate ker(λ− p(g1, g2)), actually
we can instead to calculate ker(λ− p(X ,UYU−1)), where

U =

(
a b
c d

)
.

is a matrix over formal variables a, b, c , d .
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How to find atoms

For example, ker(g1 + g2) is actually equal to 1
2 of the kernel

ker(X + UYU−1) = ker(XU + UY )

= ker(

(
−1 0
0 1

)(
a b
c d

)
+

(
a b
c d

)(
−1 0
0 1

)
)

= ker

(
−2a 0
0 2d

)
= {0}
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Algebraic rank

Definition

Let A be a n × n matrix over nc polynomials. The inner rank of A,
denoted by ρ(A), is the minimal integer r such that the factorizations
A = PQ holds, where P,Q are n × r and r × n matrices respectively.

It is indeed a rank function satisfying

1 ρ(AB) ≤ min{ρ(A), ρ(B)}.

2 ρ

(
A 0
0 B

)
= ρ(A) + ρ(B).

3 For a n × n matrix A, ρ(A) = n is equivalent to that A is invertible as
a matrix over nc rational functions.

4 ρ is invariant by the multiplication of invertible matrices over nc
rational functions.

5 A matrix A can be diagonalized to a diagonal matrix which has ρ(A)
many 1’s on its diagonal by row and columns actions over nc rational
functions.
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How to find atoms

For example, for any λ ̸= 0, 2 rank(g1 + g2 − λ) is actually equal to

ρ(X + UYU−1 − λ) = ρ((X − λ)U + UY )

= ρ(

(
−1− λ 0

0 1− λ

)(
a b
c d

)
+

(
a b
c d

)(
−1 0
0 1

)
)

= ρ

(
−(2 + λ)a −λb

−λc (2− λ)d

)
= ρ

(
−λc (2− λ)d

0 4−λ2

λ ac−1d + b

)
= 2.
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Strong Atiyah conjecture for free product of finite groups

Theorem (Arizmendi, Cébron, Speicher, Y., 2021)

There is an isomorphism Φ from A := Mn(C) ∗Mn(C) to the subalgebra
generated by Mn(C) and UMn(C)U−1, where U = (uij)

n
i ,j=1 is a matrix

over formal variables uij , i , j = 1, . . . , n. Moreover, Φ is rank-preserving,
i.e., rank(A) = ρ(Φ(A)).

Consequently, for finite groups G1, . . . ,Gd with orders n1, . . . , nd , we can
regard each of them as matrices in Mn(C) with n := lcm(n1, . . . , nd) and
thus for any A ∈ Mm(G1 ∗ · · · ∗ Gd)

rankA =
1

n
ρ(Φ(A)) ∈ 1

n
N ∩ [0,m].

Remark: this equality agree with the known result that the strong Atiyah
conjecture holds for the free product of finite groups.
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Free probability

Free independence

Let (A, τ) be a nc probability space. A family (Ai )i∈I of subalgebras of A
containing the unit 1 of A is called freely independent if

τ(a1 · · · ak) = 0

whenever we have k ∈ N and aj ∈ Aij , j = 1, . . . , k satisfying

i1 ̸= i2, i2 ̸= i3, . . . , ik−1 ̸= ik ;

τ(aj) = 0, j = 1, . . . , k .

A tuple (a1, . . . , ad) of random variables in A is called freely
independent if the unital subalgebras of A generated by ai (i = 1, . . . , d)
are freely independent.
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Free independence and free groups

Recall: algebraic freeness of subgroups

Let G be a group. A family (Gi )i∈I of subgroups is called free if

g1 · · · gk ̸= e

whenever we have k ∈ N and gj ∈ Gij , j = 1, . . . , k satisfying
i1 ̸= i2, i2 ̸= i3, . . . , ik−1 ̸= ik .

Free independence and free subgroups

Let us consider the noncommutative probability space (CG , τ) with the
trace τ . Let (Gi )i∈I be a family of subgroups of G . Then (Gi )i∈I are free
if and only if (CGi )i∈I are freely independent in (CG , τ).
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Free probability

Lemma

Let u1, . . . , un be freely independent Haar unitary random variables. Let
{x1, . . . , xn} be a set of random variables that is free from {u1, . . . , un}.
We define yi := unxnu

∗
n, i = 1, . . . , n. Then y1, . . . , yn are freely

independent.
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Theorem (Arizmendi, Cébron, Speicher, Y., 2021)

Let u1, . . . , ud be free Haar unitary random variables. For each integer n,
with the help of free compressions by matrix units, we can construct

Uk = (u
(k)
ij )ni ,j=1 such that

1 U1, . . . ,Ud are free Haar unitaries.

2 {U1, . . . ,Ud} is free from Mn(A) if A is free from {u(k)ij }.
3 ukij , i , j = 1, . . . , n, k = 1, . . . , d form an algebra isomorphic to the

polynomials of dn2 formal variables with rank preserving.

(1)(2) are well-known results in free probability. (3) follows from a recent
result by Mai, Speicher, Y., 2019: which nc random variables can be
identified as formal variables with rank preserving.
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Another example

Let D1 = diag(α1, α2, α3), D2 = diag(β1, β2, β3) for αi , βi ∈ C and

U :=

u11 u12 u13
u21 u22 u23
u31 u32 u33

 ∈ M3(C ⟨uij⟩).

Then the free random variables X1,X2 with distributions µ1 =
1
3

∑3
i=1 δαi

and µ2 =
1
3

∑3
i=1 δβi

can be modeled by D1 and UD2U
−1. That is, for any

polynomial p,

rank(λ− p(X1,X2)) =
1

3
ρ(λ− p(D1,UD2U

−1)).
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Another example

For instance, let us consider ρ(D1 + UD2U
−1 − λ). Since ρ is invariant by

the multiplication of invertible matrix, let’s calculate instead

ρ(D1U + UD2 − λU)

= ρ

(α1 + β1 − λ)u11 (α1 + β2 − λ)u12 (α1 + β3 − λ)u13
(α2 + β1 − λ)u21 (α2 + β2 − λ)u22 (α2 + µ3 − λ)u23
(α3 + β1 − λ)u31 (α3 + β2 − λ)u32 (α3 + β3 − λ)u33

 .

If, for example, α1 = α2, β1 = β2 such that α1 + β1 = λ, then

ρ(

 0 0 (α1 + β3 − λ)u13
0 0 (α2 + β3 − λ)u23

(α3 + β1 − λ)u31 (α3 + β2 − λ)u32 (α3 + β3 − λ)u33

) = 2.

Hence

µX1+X2({λ}) = 1− 1

3
ρ(D1 + UD2U

−1 − λ) =
1

3
.
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Description of atoms

By approximation of general free random variables with free random
variables with atoms of rational weights, we are actually able to recover
the description of atoms for X + Y :

Theorem (Bercovici and Voiculescu, 1993)

Let X and Y be free self-adjoint random variables. If λ is an atom of
X + Y , then λ = α+ β, where α and β are atoms of X and Y
respectively. Moreover,

µX+Y ({α+ β}) = max{0, µX ({α}) + µY ({β})− 1}.
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Description of atoms

Theorem (Arizmendi, Cébron, Speicher, Y., 2021)

Let X and Y be free self-adjoint random variables.

1 Let p be a nc polynomial. If λ is an atom of p(X ,Y ), then
λ = p(α, β), where α and β are atoms of X and Y respectively.

2 For λ ̸= 0, µi(XY−YX )({λ}) = 0. And

µi(XY−YX )({0}) = max{2t − 1, 2s − 1, 0},

where t := supα∈R µX ({α}) and s := supβ∈R µX ({β}).
3 For λ ̸= 0,

µXY+YX ({λ}) = sup2αβ=λmax{µX ({α}) + µY ({β})− 1, 0}.

µXY+YX ({0}) := max{2µX ({0})− 1, 2µY ({0})− 1,

µY ({0}) + t − 1, µX{0}+ s − 1, 0},

where t := supα̸=0 µX ({α}) and s := supβ ̸=0 µX ({β}).

Sheng Yin (Kyoto University) Atoms, zero divisors and Atiyah conjecture January 14, 2022 27 / 27



Description of atoms
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