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Recall

For a probability measure µ on C, a number λ ∈ C is called an atom of µ
if µ({λ}) > 0.

Atom calculation problem

Let X1, . . . ,Xd be random variables with prescribed distributions. Can we
calculate out that for a given polynomial p:

1 where are the atoms of p(X1, . . . ,Xd),

2 what are the weights of these atoms?

The answers depend on

the positions and weights of atoms of each random variable Xi

the relation between random variables X1, . . . ,Xd

Universality

But it might not depend on the non-atomic parts of X1, . . . ,Xd .
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Example: independent random variables

Let X ,Y be inpendent random variabes. Then λ is an atom of X + Y if
and only if λ = α+ β, where α, β are atoms of X ,Y respectively. Actually,

µX+Y ({λ}) =
∑

λ=α+β

µX ({α})µY ({β}).

Example: free convolution [Bercovici-Voiculescu 98]

Let X ,Y be freely independent self-adjoint random variables. Then λ is an
atom of X + Y if and only if there are atoms α, β of X ,Y respectively
such that λ = α+ β and µX ({α}) + µY ({β}) > 1. Moreover,

µX+Y ({λ}) = µX ({α}) + µY ({β})− 1.

We also know: a large class of non-commutative random variables
satisfying some regularity conditions have no atoms for non-constant
polynomials (Shlyakhtenko-Skoufranis, 15; Charlesworth-Shlyakhtenko, 16;
Mai-Speicher-Weber, 17; Mai-Speicher-Y., 19).
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Questions

For a given tuple X = (X1, . . . ,Xd) of freely independent random variables
and a given non-commutative polynomial p,

1 Does p(X ) have the universality with repect to marginal distributions
(namely, the positions and weights of atoms of p(X ) do not depend
on the non-atomic parts of X1, . . . ,Xd)?

2 How can we calculate all atoms of p(X1, . . . ,Xd)?

See our answers in the preprint: Universality of free random variables:
atoms for non-commutative rational functions (arXiv:2107.11507).
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Free probability

Free independence (Voiculescu 80s)

Let (A, φ) be a non-commutative probability space (i.e., a unital algebra
A with a linear functional φ). A family (Ai )i∈I of subalgebras of A
containing the unit 1 of A is called freely independent if

φ(X1 · · ·Xk) = 0

whenever we have k ∈ N and Xj ∈ Aij , j = 1, . . . , k satisfying

i1 ̸= i2, i2 ̸= i3, . . . , ik−1 ̸= ik ;

φ(Xj) = 0, j = 1, . . . , k .

A tuple (X1, . . . ,Xd) of non-commutative random variables in A is called
freely independent if the unital subalgebras of A generated by
X1, . . . ,Xd are freely independent.
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Example: free group Fd

The generator g1, . . . , gd of the free group Fd are freely independent with
respect to the canonical trace φ on CFd . The distribution of each gi is the
Haar measure on the unit circle T. We call such a random random variable
a Haar unitary random variable.

Example

Let Y1, . . . ,Yd be non-commutative random variables. Suppose that they
are freely independent from a tuple (U1, . . . ,Ud) of freely independent
Haar unitary random variables. Then Xi := UiYiU

∗
i , i = 1, . . . , d are freely

independent random variables such that each Xi has the same distribution
of Yi .

Example

Let Y1, . . . ,Yd ∈ MN(C) be determinant matrices with given limiting
distributions. Let U1, . . . ,Ud be independent N × N Haar unitary random
matrices. Then Xi := UiYiU

∗
i , i = 1, . . . , d are almost surely

asymptotically freely independent.
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Main idea: identifying random variables as formal variables

Theorem (O. Arizmendi, G. Cébron, R. Speicher, Y., 21)

Let U = (U1, . . . ,Ud) be a tuple of freely independent Haar unitary
random variables. For each k, we can define n2 random variables
U

(k)
ij , i , j = 1, . . . , n (with the help of the compression by a free family of

matrix units) such that

1 U1, . . . ,Ud

in dist∼= (U
(1)
ij )ni ,j=1, . . . , (U

(d)
ij )ni ,j=1

2 U
(k)
ij can be identified as dn2 formal variables (precisely,

∆(U
(k)
ij ) = dn2).

Recall: the quantity ∆ was introduced by Connes-Shlyakhtenko 05. A
recent result (Mai-Speicher-Y. 19) implies that the maximality of ∆
amounts to say that the operators can be identified as formal variables.
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Main idea: identifying random variables as formal variables

How to model free variables for atoms: an example

Let D1 = diag(α1, α2, α3), D2 = diag(β1, β2, β3) for αi , βi ∈ C and

Ū :=

u11 u12 u13
u21 u22 u23
u31 u32 u33

 ∈ M3(C ⟨uij⟩).

Then the free random variables X1,X2 with distributions µ1 =
1
3

∑3
i=1 δαi

and µ2 =
1
3

∑3
i=1 δβi

can be modeled by D1 and ŪD2Ū
−1 for extracting

information on atoms of p(X1,X2) for any polynomial p.

Note: Ū−1 is a matrix over non-commutative rational functions. Its
formula is explicit but gets complicated as dimension increases. For
example, when n = 2, Ū−1 is(

(u11 − u12u
−1
22 u21)

−1 −(u11 − u12u
−1
22 u21)

−1u12u
−1
22

−u−1
22 u21(u11 − u12u

−1
22 u21)

−1 u−1
22 u21(u11 − u12u

−1
22 u21)

−1u12u
−1
22

)
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Main idea: identifying random variables as formal variables

Recall: for a normal random variable X in a tracial W ∗-probability space
(M, τ) (i.e., M is finite von Neuman algebar with a trace φ),

µX ({λ}) = dim ker(λ− X ) := τ(pker(λ−X )).

By the traciality,

µX ({λ}) = 1− rank(λ− X ) := 1− τ(pim(λ−X )).

In particular, λ is an atom for X if and only if λ− X is not injective.
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Main idea: identifying random variables as formal variables

Theorem (Mai-Speicher-Y., 19)

Let X = (X1, . . . ,Xd) be a tuple of random variables satisfying ∆(X ) = d.
Then for a matrix A over C (<x1, . . . , xd )>,

rankA(X ) = ρ(A).

In particular, A(X ) is injective if and only if A is invertible as a matrix over
rational functions.

Here ρ(A) is the inner rank of A over C (<x1, . . . , xd )>. It is the maximal
dimension r among the rectangle factorizations A = PQ, where P,Q are
n × r and r × n matrices respectively.
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Ū :=

u11 u12 u13
u21 u22 u23
u31 u32 u33

 ∈ M3(C ⟨uij⟩).

Then the free random variables X1,X2 with distributions µ1 =
1
3

∑3
i=1 δαi

and µ2 =
1
3

∑3
i=1 δβi

can be modeled by D1 and ŪD2Ū
−1. For any

polynomial p,

rank(λ− p(X1,X2)) =
1

3
ρ(λ− p(D1, ŪD2Ū

−1)).

Sheng Yin (IASM) Universality of free random variables August 19, 2021 11 / 19



How to model free variables for atoms: an example

Algebraic free convolution

Now we want to calculate ρ(D1 + ŪD2Ū
−1 − λ). Since ρ is invariant by

the multiplication of invertible matrix, we actually calculate

ρ(D1Ū + ŪD2 − λŪ)

= ρ

(α1 + β1 − λ)u11 (α1 + β2 − λ)u12 (α1 + β3 − λ)u13
(α2 + β1 − λ)u21 (α2 + β2 − λ)u22 (α2 + µ3 − λ)u23
(α3 + β1 − λ)u31 (α3 + β2 − λ)u32 (α3 + β3 − λ)u33

 .

If, for example, α1 = α2, β1 = β2 such that α1 + β1 = λ, then

ρ(

 0 0 (α1 + β3 − λ)u13
0 0 (α2 + β3 − λ)u23

(α3 + β1 − λ)u31 (α3 + β2 − λ)u32 (α3 + β3 − λ)u33

) = 2.
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How to model free variables for atoms: an example

Since  0 0 u13
0 0 u23
u31 u32 u33

 =

u13 0
u23 0
0 1

(
0 0 1
u31 u32 u33

)

But it cannot have factorization in the form

a
b
c

(
d e f

)
.

This implies that for the measures µ1 =
1
3

∑3
i=1 δαi and µ2 =

1
3

∑3
i=1 δβi

,

(µ1 ⊞ µ2)({λ}) = 1− 1

3
ρ(D1 + ŪD2Ū

−1 − λ) =
1

3

if λ = α1 + β1 and µ1 has an atom at α1 of weight 2
3 and µ2 has an atom

at β1 of weight 2
3 .
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Main idea: identifying random variables as formal variables

How to model free variables for atoms: another example

Let D1 = diag(α1, α2, x), D2 = diag(β1, β2, y) for αi , βi ∈ C and formal
variables x , y ,

Ū :=

u11 u12 u13
u21 u22 u23
u31 u32 u33

 ∈ M3(C ⟨uij⟩).

Then for any given non-atomic distributions ν1, ν2, the free random
variables X1,X2 with distributions µ1 =

1
3(
∑2

i=1 δαi + ν1) and

µ2 =
1
3(
∑2

i=1 δβi
+ ν2) can be modeled by D1 and ŪD2Ū

−1. That is, for
any polynomial p,

rank(λ− p(X1,X2)) =
1

3
ρ(λ− p(D1, ŪD2Ū

−1)).

Idea: for a normal random variable X , ∆(X ) = 1 iff µX is non-atomic.

Sheng Yin (IASM) Universality of free random variables August 19, 2021 14 / 19



Universality of atoms

Theorem (O. Arizmendi, G. Cébron, R. Speicher, Y., 21)

Let X1, . . . ,Xd be a tuple of freely independent random variables with
atoms of rational weights. Then we can model them by matrices
ŪkDk Ū

−1
k , k = 1, . . . , d, where D1, . . . ,Dd , Ū1, . . . , Ūd are matrices over

some formals variables.
In particular, for any polynomial p, the positions and weights of atoms of
p(X1, . . . ,Xd) doesn’t depend on the non-atomic parts of X1, . . . ,Xd .
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Universality of atoms

Theorem (O. Arizmendi, G. Cébron, R. Speicher, Y., 21)

Let X1, . . . ,Xd be a tuple of freely independent normal random variables.
Then the positions and weights of atoms of p(X1, . . . ,Xd) doesn’t depend
on the non-atomic parts of X1, . . . ,Xd .

Idea: approximating X1, . . . ,Xd by free random variables with atoms of
rational weights.
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Universality of atoms

Theorem (O. Arizmendi, G. Cébron, R. Speicher, Y., 21)

Let Y1, . . . ,Yd be a tuple of normal random variables. Let X1, . . . ,Xd be a
freely independent copy of Y1, . . . ,Yd . Then for any polynomial p,

rank(p(Y1, . . . ,Yd)) ≤ rank(p(X1, . . . ,Xd)).

Consequently,

µp(X1,...,Xd )({λ}) ≤ µp(Y1,...,Yd )({λ}), ∀λ ∈ C.

Idea for case of rational weights: for a matrix A over C ⟨x1, . . . , xd⟩ and a
tuple Y over a W ∗-probability space,

ρ(A) ≥ ρM(A(Y )) ≥ rank(A(Y )).
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Universality of atoms

Corollaries

Let X1, . . . ,Xd be a tuple of freely independent normal random variables.

1 If X1, . . . ,Xd are identically distributed, then an atom of 1
d

∑d
i=1 Xd

has to be an atom of X1. (Not true for classical iid random variables.)

2 For any polynomial p, each atom of p(X1, . . . ,Xd) is of the form
p(λ1, . . . , λd), where λk is an atom of Xk .
...
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Applications: commutator and anticommutator

Let X ,Y be two free self-adjoint random variables.

1 X + Y has an atom at α+ β if and only if α, β are atoms of X ,Y
respectively such that µX ({α}) + µY ({β}) > 1.

2 XY − YX has no non-zero atoms. The weight of the (possible) zero
atom of XY − YX is max(2t − 1, 2s − 1), where t = maxα∈R µX (α)
and s = maxβ∈R µY (β).

3 XY + YX has an atom if and only if X or Y has an atom of weight
larger than 1/2. ...

...

Thank you!
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