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What is the free field (of nc rational functions)?

The free field C (<x1, · · · , xn )> of
nc rational functions is

given by formal expressions in
nc variables with arithmetic
operations +, ·,−1 .

The field C (x1, . . . , xn) of
rational functions is

given by formal expressions in
variables with arithmetic
operations +, ·,−1 .
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The free field C (<x1, · · · , xn )> of
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the universal skew field of
fractions of nc polynomial ring
C ⟨x1, . . . , xn⟩.
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the smallest field of fractions
of polynomial ring
C [x1, . . . , xn].
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What is the free field (of nc rational functions)?

The free field C (<x1, · · · , xn )> of
nc rational functions is

given by formal expressions in
nc variables with arithmetic
operations +, ·,−1 .

the universal skew field of
fractions of nc polynomial ring
C ⟨x1, . . . , xn⟩.
realized by "noncommutative
functions".

The field C (x1, . . . , xn) of
rational functions is

given by formal expressions in
variables with arithmetic
operations +, ·,−1 .

the smallest field of fractions
of polynomial ring
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Rational functions realized by functions

Realization of C[x ]
We realize x as the coordinate function X : t ∈ [0, 1] 7→ t,

C[x ] ∼= C[X ] ⊆ C([0, 1])
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Rational functions realized by functions

Realization of C[x ]
We realize x as the coordinate function X : t ∈ [0, 1] 7→ t,

C[x ] ∼= C[X ] ⊆ C([0, 1]), X−1 /∈ C([0, 1]).
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Rational functions realized by functions

Realization of C[x ]
We realize x as the coordinate function X : t ∈ [0, 1] 7→ t,

C(x) ∼= C(X ) ⊆ L0(0, 1),

where L0(0, 1) stands for the algebra of measurable functions on [0, 1]
w.r.t. the Lebesgue measure.
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Rational functions realized by functions

Realization of C[x ]
Let µ be a measure on [0, 1] without point-atoms, i.e., µ(λ) = 0,
∀λ ∈ [0, 1]. We realize x as the coordinate function X : t ∈ [0, 1] 7→ t,

C(x) ∼= C(X ) ⊆ L0(µ),

where L0(µ) stands for the algebra of measurable functions on [0, 1] w.r.t.
the measure µ.
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Rational functions realized by functions

Realization of C[x ]
We realize x as a random variable X on (Ω,P) whose distribution µX has
no point-atoms,

C(x) ∼= C(X ) ⊆ algebra of random variables.
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Rational functions realized by functions

Realization of C[x1, · · · , xn]
We realize x1, · · · , xn as independent non-atomic random variables
X1, · · · , Xn,

C(x1, · · · , xn) ∼= C [X1, · · · , Xn] ⊆ algebra of random variables.

Roughly speaking:
If X1, · · · , Xn are coordinate functions on n-dimensional space with a
n-dimension measure µ
=⇒ C(x1, · · · , xn) ∼= C(X1, · · · , Xn) ⊆ algebra of measurable functions
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Nc Rational functions realized by Nc functions
Theorem (T. Mai, R. Speicher, Y., 19)
Let X = (X1, · · · , Xn) be a tuple of operators in a finite von Neumann
algebra (M, τ). We consider the ∗-algebra L0(M) of measurable operators,
aka, densely defined and closed operators affiliated with M. Then the
following are equivalent.

1 ∆(X ) = n.

2 C (<x1, · · · , xn )> ∼= C (<X1, · · · , Xn )> ⊆ L0(M).

∆(X ) := n − dimM⊗M◦ ker ∂X ∈ [0, n]
was introduced by A. Connes and D. Shlyakhtenko in their paper
L2-homology for von Neumann algebras, 2005.
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Nc Rational functions realized by Nc functions
Theorem (T. Mai, R. Speicher, Y., 19)
Let X = (X1, · · · , Xn) be a tuple of operators in a finite von Neumann
algebra (M, τ). We consider the ∗-algebra L0(M) of measurable operators,
aka, densely defined and closed operators affiliated with M. Then the
following are equivalent.

1 ∆(X ) = n, i.e., there is no T1, · · · , Tn ∈ FR(L2(M)) s.t.∑n
i=1[Ti , Xi ] = 0.

2 C (<x1, · · · , xn )> ∼= C (<X1, · · · , Xn )> ⊆ L0(M).

∆(X ) := n − dimM⊗M◦ ker ∂X ≥ δ⋆(X )
was proven by A. Connes and D. Shlyakhtenko in their paper L2-homology
for von Neumann algebras, 2005.
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Nc Rational functions realized by Nc functions
Theorem (T. Mai, R. Speicher, Y., 19)
Let X = (X1, · · · , Xn) be a tuple of operators in a finite von Neumann
algebra (M, τ). We consider the ∗-algebra L0(M) of measurable operators,
aka, densely defined and closed operators affiliated with M. Then the
following are equivalent.

1 ∆(X ) = n, i.e., there is no T1, · · · , Tn ∈ FR(L2(M)) s.t.∑n
i=1[Ti , Xi ] = 0.

2 C (<x1, · · · , xn )> ∼= C (<X1, · · · , Xn )> ⊆ L0(M).
3 For any N ∈ N, linear full N × N matrix A over C ⟨x1, . . . , xn⟩,

A(X )−1 ∈ Mn(L0(M)).

A N × N matrix A over C ⟨x1, . . . , xn⟩ is full if there no N × r matrix P
and r × N matrix Q s.t. A = PQ for any r < N.
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Linear matrix and finite rank operators
Let X = (X1, · · · , Xn) be a tuple of operators in a finite von Neumann
algebra (M, τ).

Lemma
Given a linear matrix A = A(0) + A(1)x1 + · · · + A(n)xn in
MN(C ⟨x1, . . . , xn⟩) with vectors f = (f1, . . . , fN) ∈ ker A(X ) and
e = (e1, . . . , eN) ∈ ker A(X )∗. Finite rank operators

Tk :=
N∑

i ,j=1
A(k)

ij ⟨·, ei⟩ fj , k = 0, . . . , n,

satisfy
n∑

k=1
[Tk , Xk ] = 0.

A(k)
ij (i , j = 1, . . . , N) are the entries of A(k) for k = 0, . . . , n and for

w , v ∈ L2(M, τ), ⟨·, v⟩ w denotes the operator of rank 1, which sends
u ∈ L2(M, τ) to ⟨u, v⟩ w .
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Finite rank operators and Linear matrix
Let X = (X1, · · · , Xn) be a tuple of operators in a finite von Neumann
algebra (M, τ).

Lemma
Suppose T1, . . . , Tn ∈ FR(L2(M)) satisfying

∑n
k=1[Tk , Xk ] = 0. Let

f = (f1, . . . , fN) be an orthonormal family which spans the space∑n
k=1 (im Tk + im T ∗

k ). Writting

Tk =
N∑

i ,j=1
A(k)

ij ⟨·, fi⟩ fj , k = 1, . . . , n,

then
A := A(0) − (A(1)x1 + · · · + A(n)xn)

A(0) :=
n∑

k=1
B(k)A(k), B(k) := (⟨Xk fi , fj⟩)N

i ,j=1 (k = 1 . . . , n)

satisfies A(X )f = 0 and A(X )∗f = 0.
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Inner rank and analytic rank

Theorem (T. Mai, R. Speicher, Y., 19)
Let X = (X1, · · · , Xn) be a tuple of operators in a finite von Neumann
algebra (M, τ). We consider the ∗-algebra L0(M) of measurable operators,
aka, densely defined and closed operators affiliated with M. Then the
following are equivalent.

1 ∆(X ) = n.
2 C (<x1, · · · , xn )> ∼= C (<X1, · · · , Xn )> ⊆ L0(M).
3 For any N ∈ N, linear full N × N matrix A over C ⟨x1, . . . , xn⟩,

A(X )−1 ∈ MN(L0(M)).
4 For any N ∈ N, N × N matrix A over C⟨x1, . . . , xn⟩,

ρ(A) = rank A(X ) := τ(pim A(X)).
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Central eigenvalues and zero divisors/atoms

Definition (P. Cohn, 85)
For a matrix A ∈ MN(C ⟨x1, · · · , xn⟩),

σfull(A) := {λ ∈ C | ρ(λ − A) < n},

and each λ ∈ σfull(A) is called a central eigenvalue of A.

If C (<x1, · · · , xn )> ∼= C (<X1, · · · , Xn )>

σfull(A) ={λ ∈ C
∣∣ ker(λ − A(X )) ̸= {0}}

={λ ∈ R
∣∣ µA(X)({λ}) > 0}, if A(X ) = A(X )∗.
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Central eigenvalues

Proposition (P. Cohn, 85; T. Mai, R. Speicher, Y., 19)
For any A ∈ MN(C ⟨x1, · · · , xn⟩),∣∣∣σfull(A)

∣∣∣ ≤ N.

Proposition (T. Mai, R. Speicher, Y., 19)
For any A = A(0) + A(1)x1 + · · · + A(n)xn ∈ MN(C ⟨x1, · · · , xn⟩),

σfull(A) ⊆ σ(A0).

Moreover, if A − A0 is full, then σfull(A) = ∅.
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Thank you!
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